This article focuses on the mathematical problem of reconstructing dynamic permeability K(ω) of two-phase composites from data at different frequencies, utilizing the analytic structure of K(ω). To numerically simulate the data by solving the unsteady Stokes equations in the 3D domain reconstructed from µ-CT scans of the composites, the issue of segmentation is also addressed in this paper and an efficient segmentation scheme is suggested and implemented for cancellous bone.
Introduction
In the Biot equations for wave propagation in poroelastic materials, the critical frequency ω c is defined. In the frequency domain (vs the time domain), for frequency below ω c , the pore fluid flow is laminar flow and the friction term which takes into account the viscous interaction between the solid matrix and pore fluid is modeled by a friction constant times the difference between the fluid velocity and the solid velocity. For a frequency higher than ω c , the friction constant is multiplied by a frequency-dependent function to correct for the departure from laminar flow; this leads to a memory term in the time domain Biot equations. The exact form of the memory kernel is not known and only kernels for specific pore shapes such as parallel tubes have been derived [5] .
In the seminal paper [12] by Johnson, Koplik and Dashen (JKD), the theory of dynamic fluid permeability K(ω) and dynamic tortuosity T D (ω) was developed for describing the inertial coupling and viscous coupling between matrix solid and pore fluid. Using the causality argument, they derived the necessary symmetries and analytic properties of K(ω) and T D (ω) when ω is extended to the complex values. The Biot-JKD equations refer to the set of Biot equations modified by the JKD theory. In Biot-JKD equations no critical frequency is defined and the friction term (the drag force) is always a memory term.
For a rigid porous medium filled with Newtonian pore fluid with density ρ f and dynamic viscosity η, a key effective property is the fluid permeability tensor K, which is described by the so-called Darcy's law, [1, 12, 2, 22] 
where U is the averaged fluid velocity over a representative volume element (RVE) of the porous medium and ∇p the applied pressure gradient; this is referred to as the static permeability. If the applied pressure gradient is oscillatory with frequency ω, then the induced averaged fluid velocity will also be oscillatory and proportional to ∇p(ω) by
where K(ω) is referred to as the dynamic permeability, [12, 2] . K(ω) varies with ω because the viscous interaction between fluid and solid interaction varies with frequency, as indicated by the viscous skin depth as a function of frequency δ = 2η ρ f ω .
For ω = 0 the tortuosity tensor is related to K(ω) by
The main difference between Biot's equation and Biot-JKD equation is in the energy dissipation terms describing the energy loss due to interaction between solid and the viscous pore fluid. This corresponds to the drag force term in Biot-JKD equations. The drag force is known to be an important signaling mechanism for activating the cell process for bone remodeling, [20, 13, 14, 18, 19, 21] .
Analytic structure
As was mentioned in Section 1, there are two different forms of drag forces in Biot equations, depending on whether it is below or above the critical frequency ω c := parameters involved in the drag force are the tortuosity and the permeability. In [12] , the Biot-JKD equations are proposed by unifying the two types of friction terms in Biot's equations with a frequency-dependent function. Also, K(ω) becomes the permeability in Biot's theory as ω → 0. For isotropic poroelastic materials, based on physics-based argument and exact calculation of parallel circular tubes, Johnson, Koplik and Dashen (JKD) postulated the isotropic dynamic tortuosity to be of the form
with the tunable geometry-dependent constant Λ, and (3) implies
Based on the homogenization analysis in [1] and physical arguments in [12] , the permeability in Biot(-JKD) equations for poroelastic materials is identical to that for porous media with a rigid matrix. Furthermore, the permeability can be mathematically characterized as a functional of the solution to the unsteady Stokes equation, [2] 
where e is an arbitrary unit vector, v 0 a constant, ν the kinetic viscosity, δ(t) the Dirac delta function, V 1 the region occupied by pore fluid and ∂V is the interface between fluid phase and solid phase in the RVE with appropriate Hill's conditions on the outer boundary of RVE. In [2] the solution v(x, t) can be expressed as a sum of the normal
where Ψ n are the eigenfunctions of the Stokes system
Θ n are the viscous relaxation times and Θ 1 referred to as the principal viscous relaxation time. The eigenfunctions are orthonormal in the sense
and the b n in (7)
In [2] it is shown through the classical Hodge decomposition argument that the JKD tortuosity α ∞ can be mathematically expressed as
This shows the microstructure information gets into play through the projection of the applied flow direction on the normal modes of the Stokes equation in the pore space. The Darcy's laws in Biot-JKD equations are the inverse Fourier transform of the following equation
The real part of K −1 corresponds to the drag force term and the imaginary part to the inertial term in the time domain where the drag force is expressed as a time-convolution term, [1, 11] . The complete form of any component of K(ω) for all ω is very difficult to compute for a given porous medium such as cancellous bone, whose pore geometry is complicated. It is pointed out in [12] that when α(ω) and K(ω) are extended to the complex ω-plane, they are analytic in the upper half plane because of causality and have the symmetry property α(−ω) = α(ω) and K(−ω) = K(ω), where the bar means complex conjugation. It is remarkable that in [2] K(ω) is derived rigorously for all pore space geometries as a Stieltjes integral with distribution G(Θ) that is nondecreasing, right-continuous, G(Θ) = 0 for Θ ≤ 0 and G(Θ) = 1 for Θ ≥ Θ 1 (i.e., a probability distribution) such that
Our experience with dehomogenization indicates that K(ω) can be reconstructed with a very good accuracy from partial data by exploring its mathematical structure as a Stieltjes function, [9, 25, 26] . Let K(ω) denote any component of K(ω) and define a new function
Since K(s) is a Stieltjes function with measure ΘdG(Θ), it is known that Padé approximants for R(ξ) in (14) have accuracy-through-order property, [3] , and all the poles of the Padé approximants are simple with positive residue in [0, Θ 1 ] on the complex ξ-plane, [17] . Suppose we have values of R(ξ j ) for different ξ 1 , ξ 2 , · · · , ξ N , the Stieltjes function can be approximated very well by using the [L/M ] Padé approximants constructed by solving the following problem for a 0 , · · · , a L and To demonstrate the idea, we use the permeability function in (5) for (14) ξR(ξ)
> C 1 . Since these are the only singular points for R(ξ), the integral representation formula(IRF) implies that the support of dG corresponding to the microstructure that has K(ω) in the form of (5) is contained in [0,
]. Another important property of −R(ξ) is that it maps the upper half plane to upper half plane with this choice of the branch.
Given C 1 and C 2 , a constrained Tikhonov regularization scheme can effectively solve for the Padé approximants, hence K(ω).
Constructing computational domain from scans
Given a stack of two dimensional µ-CT images, we apply a fully three dimensional segmentation algorithm to extract the bone volume. The resulting bone surface is implicitly represented as the 0.5 level set of the grid function, the bone level set function, that is constructed by the segmentation algorithm. The algorithm we use for segmentation, [10] , is a simple and efficient one that minimizes the well-known Mumford-Shah energy [15] in the context of binary images. The segmentation results of this algorithm are close to those obtained by the well-known Chan-Vese algorithm [7] . Here, we stress the importance of using a fully 3D segmentation model for extracting outer bone surfaces. If one segments each of the 2D µ-CT images separately, the resulting stacked 3D bone surface typically will form the shape of a staircase, and more importantly, it will lose many tips of the bone surfaces in the stacking direction. The latter drawback is mainly due to denoising (or smoothing) which is needed. Unfortunately this is common in any of the modern segmentation algorithm.
Finally, in order to obtain a good triangulation of this implicit surface, we reshape the bone level set function into a signed distance function to the bone surface. This post-processing step is known as redistancing or distance reinitialization in the level set method; see [16] , and the review [24] . This step yields a distance function φ from which the mesh is then extracted.
The threshold dynamics segmentation algorithm
The full Mumford-Shah model is a variational problem for approximating a given image by a piecewise smooth image of minimal complexity. Let D ∈ R N be a bounded domain with Lipschitz boundary, modeling the image domain (for example, the computer screen). Let f (x) : D → {0, 1} represent a black and white image. To find a segmentation of f (x), Mumford and Shah proposed in [15] carrying out the following minimization:
where K is to be a closed subset of D given by the union of a finite number of curves. K represents the set of edges in the image f . The function u is the piecewise smooth approximation to f . The smaller M S(u, K) is, the better u segments f (1) the first term asks that u does not vary very much on each homogeneous region, (2) the second term asks the boundaries K that accomplish this be as short as possible, and (3) The third term asks that u approximates f . Since an image of cancellous bone shows only two structures 1 , we consider a simplification of (17) to restrict the minimization to functions that take only two values. In this context, u is of the form
The resulting model is commonly referred to as the two-phase, piecewise constant Mumford-Shah model. In this case, (17) reduces to the following minimization problem:
(18) A diffuse interface approximation for (18) is given by the following sequence of energies:
(19) where > 0 and the potential W (ξ) = ξ 2 (1−ξ) 2 . Variation of energy (19) with respect to u yields the following gradient descent equation:
1 bony trabeculae and marrow tissue (from Wikipedia.com) i i "Biot-5-Full" -2013/10/9 -18:00 -page 7 -#7
The algorithm of [10] can be regarded as a non-standard splitting algorithm for evolving (20) , and it works by alternating the solution of a linear diffusion equation with thresholding. More precisely, this algorithm of two simple steps: Let f to be the µ-CT volume image (in our simulations, the stacked µ-CT images) and set u 0 = f. For n = 1, 2, · · · ,
, where S(δt) is the solution operator (by time δt) of the linear parabolic equation
with periodic boundary conditions, and
(Threshold step) Set
The particular scaling factor λ/ √ πδt is essential to ensure that the algorithm will respect the length scale prescribed by the parameter λ in the original model (18) . See [10] , Section 6 for more detailed discussion and analysis. Computationally, Step 1 is solved efficiently by FFT, and Step 2 is trivial.
Redistancing
Suppose that after M iterations of the above two-step iterations, the algorithm reaches a steady state (in our simulations M ranges from 3 to 15 depending on the value of λ). Then ideally, the bone surface corresponds to the discontinuity of u M , or equivalently the set {v M = 0.5}. Naturally, representing discontinuities that contain complicated geometry by a grid function is not a good idea particularly for our purpose. Therefore, the post-processing step will instead construct a signed distance function to the segmented bone surface from the smooth function v M .
Let Γ := {v M = 0.5}. The task now is to construct φ(x) such that (1) {φ = 0} = Γ, (2) {φ < 0} = {v M < 0.5}, and (3) φ is a viscosity solution to the eikonal equation |∇φ| = 1, at least in a tubular neighborhood of Γ.
One way to do this is to perform what is called distance reinitialization [23] by evolving the following PDE to steady state: Here the mollified Signum function sgn (φ 0 ) is taken to be
with = ∆x being the cell size. In short, if we evolve the solution to steady state over the chosen suitable tubular neighborhood of Γ, the solution φ within the neighborhood becomes the signed distance function to the interface {φ 0 = 0}. In the region in which φ 0 is positive, φ τ < 0 whenever |∇φ| > 1; therefore, the value of φ decreases in time, and consequently, |∇φ| will become closer to 1. Notice that φ τ ≡ 0 wherever φ 0 ≡ 0, since sgn (0) = 0. The characteristics of this equations emanate only from the zero level set of φ 0 . We refer the readers to [8] for an in depth discussion about this approach. Alternatively, we may also use the redistancing algorithm of Cheng and Tsai [8] .
1. Solve
2. Set
In our simulations involving numerical solutions of (22) or (23), standard 5th order WENO spatial discretization and 3rd order TVD RK temporal discretization are used.
3D image segmentation simulations
In this section, the algorithm of Section 3.1 is used for segmenting outer bone surfaces from a vertical stack of 2D µ-CT images. We solve (21) using the forward Euler in time, and the seven-point stencil for the Laplacian:
with periodic boundary conditions. δτ and δx are representing, respectively, the time step size and the spatial mesh size with a uniform mesh spacing in all directions. Fig. 1 shows the result of an experiment with a stack of 37 2D images at 290 × 290 resolution with δx = 1/1160 and δt = 4δx 2 /3. 15 iterations were necessary to reach an essentially steady state. Each one of these iterations requires the solution of (21) for a short time interval of δτ ; we take 10 steps of size δt/10 with scheme (24). 
